Abstract-This letter addresses the consensus problem of multi-agent systems for a static undirected communication topology. It is known that for a static undirected graph, the convergence rate of the consensus protocol depends on the second smallest eigenvalue of the graph Laplacian. The fastest convergence rate can be achieved when the communication topology is given by a complete graph which is costly in terms of the required number of communication links. On the other hand the star topology is ubiquitous in nature and widely used in practical applications due to its robustness property but the convergence rate of the consensus protocol with the star topology is slower than the complete graph. In this letter, we show that the convergence rate of the star topology can be increased by adding observers to each agent except the root agent. The complete graph is chosen as a reference target system and we show that the convergence rate of the consensus protocol with the star topology approaches the convergence rate of the consensus protocol with the complete graph for sufficiently small , which is a high-gain observer parameter. Furthermore, we show that for sufficiently small , the trajectories of the agents with the star topology approach the trajectories of the agents with the virtual complete graph. Simulations are provided that show the effectiveness of our theoretical results.
rate of the protocol are given more emphasis while solving the consensus problem.
Consensus problems were studied in the field of computer science in distributed computing in which the computer processes are required to reach an agreement on certain data values [7] . Consensus-based approaches are used for solving cooperative control problems in multi-agent systems which include formation control [5] , [6] , connectivity maintenance [8] and flocking [9] . The reader is referred to the survey papers [10] and [11] , and to the book [12] for an exhaustive material of the consensus problems in multi-agent systems.
Extended high-gain observers [13] can be used for estimating an unknown input to the system without requiring the input to be slowly varying. The main motivation behind this letter comes from the observation that observers can be used to construct missing information at each node in a given network topology. We take advantage of the star topology network architecture and design observer-based decentralized controllers that increase the convergence rate of the consensus protocol. We show that for sufficiently small not only the convergence rate of the consensus protocol with the star topology approach the convergence rate of a complete graph but also the trajectories of the agents with the star topology approach the trajectories of the agents with the complete graph.
The star topology is used in wireless sensor networks [14] , VSAT communications [15] , smart grids in power networks [16] and the leader-follower configuration in multi-agent systems [17] . The star topology is robust against the failures of the individual nodes, i.e., except for the root node, if one of the nodes get disconnected the graph still remains connected and the remaining connected agents can still reach consensus. Furthermore it has the least number of connections required for a graph to be connected which reduces the communication cost. Such a configuration also arises in the consensus problem of mobile robots where the central robot uses an omni-directional range sensor while the other robots use single ray range sensors. The sensors are used to measure the relative distance among the robots. The peripheral robots are within the field of view of the central robot and therefore it can measure its relative distance with respect to the peripheral nodes. The peripheral robots are aligned towards the central robot and therefore they can measure the relative distance with respect to the central robot. The only information available to the robots is the relative distance among them based on the range senor measurements and there is no other communication structure present in this scenario. The consensus problem is solved based on the relative measurements available to the robots by employing the consensus protocol [18] .
The second smallest eigenvalue of the graph Laplacian is also called the algebraic connectivity of the graph [19] . This is an important parameter as it is a measure of the speed of convergence of the consensus protocol [18] . Most of the work in literature to maximize the algebraic connectivity of the graph requires the redesign of the network topology [20] [21] [22] . The algebraic connectivity of the graph increases with increase in the number of communication links but it leads to high communication cost. Therefore one of the trade-offs as discussed in [18] is that undirected graphs with high communication cost are expected to have a high algebraic connectivity and vice-versa. In this letter we show that we can achieve a high algebraic connectivity for a fixed star topology by adding observers to each agent except the root agent.
II. BACKGROUND
The communication topology is defined by a graph G which describes the information flow among the agents. An undirected graph is denoted by G = (V , E ), where N = {0, 1, . . . , N − 1} represents the set of nodes present in the network and E ⊆ V × V represents the set of undirected edges. An edge (i, j) ∈ E where i is the parent node and j is the child node that is neighbor to i, which implies that nodes i and j receive information from each other. For an undirected graph if
The graph G is said to be connected if there exists a path from any node to any other node in the graph.
The
The Laplacian matrix for the undirected graph is symmetric and positive semidefinite and it has zero as its simple eigenvalue and all the other eigenvalues are positive if and only if the graph is connected [23] . The algebraic connectivity of the graph is given by λ 2 (L) > 0, which is the second smallest eigenvalue of L.
Consider a group of N agents where each agent is labeled by the index i and i ∈ N . The communication topology connecting them is given by a static undirected graph with an edge set having unity weights. The information available to each agent is given by
where N i denotes the neighbors of agent i. The above form of information being available to the agents implies that it can only measure the relative difference of the states between itself and its neighbors. Each of the agents have single integrator dynamics represented bẏ
We define the total energy of the graph associated with its edges as [18] 
The controller is now chosen as the gradient-based feedback law
for i = 0, 1, . . . , N − 1. Equation (4) is the standard decentralized controller used for solving the consensus problem as considered in [18] .
III. CONSENSUS ON DIFFERENT NETWORK TOPOLOGIES
In this section the convergence rate of the consensus protocol is studied when the communication topology is in the form of complete and star graphs, respectively. The consensus protocol is given bẏ
Writing the consensus protocol in matrix form we haveẋ
where L is the graph Laplacian for the given topology.
A. Consensus With Complete Graph
If the communication topology is given by a complete graph then the consensus protocol takes the forṁ
where L c is the graph Laplacian for the complete graph. The eigenvalues of L c are given by [23] 
Therefore, the convergence rate of the consensus protocol is proportional to N.
B. Consensus With Star Graph
Now if the communication topology is given by a star graph we haveẋ
where L s is the graph Laplacian. The eigenvalues of L s are given by λ(L s ) = {0, 1, 1, . . . , 1, N}. Therefore, the convergence rate of the consensus protocol is proportional to 1. The convergence rate of the consensus protocol for the complete graph is N times faster than the star graph.
IV. DESIGN PRELIMINARIES We define our target system as the consensus protocol for the complete graph.
A. Target System
The target system is defined aṡ
where x * (t) is the solution of the target system. Consider the change of variables
T is called the disagreement vector and α * is the consensus manifold. Differentiating (10) we havė
We choose a Lyapunov function candidate for the disagreement dynamics (11b) asV = 1 2 δ * T δ * . DifferentiatingV along (11b) we haveV
From which we havē
Therefore the disagreement vector converges exponentially to zero with a rate N. Hence we can conclude that
B. Exploiting the Star Topology Structure
The root agent is numbered as 0 while the other agents are numbered from 1, 2, . . . , N −1 and the root agent is connected to all the other agents in the star network.
In addition to the consensus controller a new decentralized controller will be designed for each agent except the root agent. We do not modify the consensus controller of the root agent as it is connected to all the other agents in the network and it is given byẋ
The controllers in all the other agents will be modified with an observer-based decentralized controller.
V. CONTROLLER DESIGN AND ANALYSIS In this section we will discuss our strategy of designing the observer-based decentralized controller.
A. Extended High Gain Observers
We add an extended high gain observer to each agent in the star network except the root agent. The main motivation in adding the observer is that each agent estimates its missing connections from the root agent. The information available to each agent except the root agent is
Differentiating the above equation we havė
From which we havė
If we knew the term
then the missing connections could be constructed by the following relation
This gives us the motivation to estimate σ i by using an extended high-gain observer. The extended high-gain observer is constructed as [13] 
where , α 1 and α 2 are positive constants with << 1 for 1 ≤ i ≤ N. The observer-based controller is given by
Similar to (10), we define the change of variables
and
B. Peaking
When δ i (0)−δ i (0) = 0 the transient response of the observer contains a term of the form (1/ )e −at/ for some a > 0. This is known as the peaking phenomenon [24] . Its impact in feedback control is overcome by saturating the control outside a compact set of interest. We define the Lyapunov function
The observer-based controller is saturated outside the compact set c . Let
C. Observer Error Dynamics
The system (2) with the controller
in the new coordinates becomė
where I N−1 ∈ R N−1×N−1 is the identity matrix, r ∈ R N−1 is a column of all 1's and the eigenvalues ofL s are the non-zero eigenvalues of L s . With the scaled estimation errors
the observer error dynamics are given by
The foregoing equations can be rewritten as
where
. We havê
and D 0 = 0 0 1 .
Theorem 1:
Consider the disagreement dynamics (19b) obtained using the feedback controller (18) and the extended high-gain observer (14) , with , α 1 and α 2 chosen as positive constants. Let S be defined as in (17) and Q be any compact set of R 2(N−1) . Then, there exists * > 0, such that for every 0 < ≤ * , the solutions (δ(t),Υ(t)) of (19b) and (14) , starting in S × Q, satisfy lim t→∞ δ(t) = 0 and lim
Proof: We rewrite the closed loop system in the singularly perturbed form,α
where (N−1) . The disagreement dynamics (25b) and the observer error dynamics (25c) are independent of α. The Lyapunov function for (25c) is defined as W = ξ TP ξ , whereP = block diag[P, P, . . . , P] ∈ R 2(N−1)×2(N−1) and P is the positive definite solution of the Lyapunov equation PA 0 + A T 0 P = −I. We define the compact sets = {W(ξ ) ≤ β 2 } and = c × . Due to global boundedness of F and inΥ, for all δ ∈ c and ξ ∈ R 2(N−1) we have
where L 1 , k 1 are positive constants independent of . Because δ(0) is in the interior of c there exists T 1 > 0 independent of such that δ ∈ c for t ∈ [0, T 1 ] and during this time interval (26) holds. Following the standard analysis for the high-gain observer theory [24, Th. 1] it can be argued that initially ξ(0) could be outside the set but it quickly reaches the set within a time interval [0, T( )] where T( ) → 0 as → 0 and there exists positive constants β and 1 such that the compact set = c × is positively invariant for every 0 < ≤ 1 and for all δ(0) ∈ S andΥ(0) ∈ Q, the trajectory (δ(t), ξ(t) ) enters within the interval [0,
The saturation is no longer effective when the trajectory enters . Therefore we haveν i = ν i , ∀ t ≥ T( ), and the closed-loop system is then defined by the linear singularly perturbed formα
for some matrices V, R and M. We define the following change of variables [25] to separate the fast variables from the slow ones:
From (29b) and (29c) we have
The matrix is block triangular and hence its eigenvalues are the eigenvalues of (−NI N−1 + O( )) and (A + R)/ . We can find * > 0 such that for all ∈ (0, * ) the matrix is Hurwitz. Therefore,
From (28) we can conclude that lim t→∞ ξ(t) = 0; hence (24) follows from (23) .
Remark 1: The convergence rate of the star topology will increase to b if the consensus controller (4) is multiplied by a gain b. In this case the proposed observer-based controller will increase the convergence rate from b to Nb. However there is a limit on how much high the gain can be increased in the high-gain consensus equation and it depends on the physical constraints of the control. The observer based method presented in this letter speeds up the convergence rate not by increasing the gain in the consensus equation but by providing more information to the nodes.
Theorem 2: Suppose Theorem 1 holds and let the target system be defined as in (9) . Then, given any μ > 0 there exists * * > 0 such that for all ∈ (0, * * )
Proof: As δ(0) is in the interior of c we have
Similarly it can be shown that δ * (t)−δ * (0) ≤ k 1 t during the same time interval. As δ(0) = δ * (0) we have
Since T( ) → 0 as → 0, there exists 0 < 2 ≤ * such that, for every 0 < ≤ 2 , we have
Subtracting (11a) from (29a) we havė
Integrating (34) and using α(0) = α * (0) results in
Taking the norm we have
We know that
where k 2 , k 3 , λ 1 and λ 2 are positive constants and for small enough λ 2 can be chosen such that λ 2 < λ 1 . From (29c) we have
where k 4 and λ 3 are positive constants. Next we define the deviation of the system trajectory from the target trajectory as
Integratingψ(t) we have
From (33) we have,
From (38), where k 5 , k 6 and λ 3 are positive constants. From the above inequality it can be shown that
where k 7 is a positive constant. Since T( ) → 0 as → 0, there exists 0 < 3 ≤ 2 such that, for every 0 < ≤ 3 , we can conclude that
Integrating (34) from the time T( ) we have Using
Since T( ) → 0 as → 0, there exists 0 < 4 ≤ 3 such that, for every 0 < ≤ 4 , we can conclude that
Take * * = min{ 3 , 4 }. Then (32) follows from (40) and (42).
Remark 2: The consensus limit achieved by using a controller of the form (4) is the average of the initial conditions of the system [18] . From Theorem 1 we can only conclude that the agents achieve consensus. Theorem 2 shows that the consensus limit achieved by using the observer-based controller can be made arbitrarily close to the one achieved by using a default consensus controller.
VI. SIMULATIONS
The simulation results are provided for a network of 10 agents with agent 0 as the root agent. The initial conditions for the agents are chosen as x i (0) = 5i, for i = 0, 1, . . . , 9. Figure 1a shows the trajectories of the agents under a complete graph. Figure 1b shows the trajectories of the agents under a star graph without observers where the convergence rate is 10 times slower than the complete graph. Figure 1c shows the trajectories of the agents under a star graph with observers. Figures 1a and 1c have the same time scale as they achieve consensus with a rate of 10. Figure 2 illustrates the fact that as decreases the deviation of the consensus limit of the star topology with observers compared to the complete topology decreases and this trend is representative for all other agent trajectories.
VII. CONCLUSION
This letter presents an algorithm which increases the convergence rate of the consensus protocol on star topology using observers. The trajectories of the agents under the star topology approach the trajectories of the agents under a complete graph for sufficiently small . Therefore, we have shown that we can achieve a high algebraic connectivity for a fixed star network topology by adding observers. However adding observers increases the controller complexity as the closed loop system also comprises the observer dynamics. The performance of the high-gain observer is affected in the presence of measurement noise.
